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Abstract
The total structure factors, S(Q), obtained from high-energy x-ray and neutron
diffraction measurements on vitreous SiO2 (v-SiO2) and vitreous GeO2 (v-
GeO2) have been analysed by the reverse Monte Carlo (RMC) modelling
technique to generate a three-dimensional structural model. The bond angle
distributions and the ring size distributions from the model indicated that the
sixfold ring and six- and sevenfold rings are dominant in v-SiO2 and v-GeO2,
respectively. However, the fraction of threefold rings of Ge in v-GeO2 is larger
than that of Si in v-SiO2 glass. These features are consistent with the published
neutron diffraction and Raman scattering studies.

1. Introduction

Vitreous SiO2 (v-SiO2) and vitreous GeO2 (v-GeO2) are two prototype oxide glasses containing
SiO4 and GeO4 tetrahedra, respectively, as units of short-range order. Despite much research
on v-SiO2 and v-GeO2 using for example diffraction [1–6], NMR study [7, 8], Raman
spectroscopy [9], molecular dynamics (MD) simulation [10, 11], RMC simulation [12–14],
and so on, the structural differences between the two typical glasses, particularly for the
intermediate-range order (IRO) that arises from a continuous three-dimensional network [15]
consisting of corner-sharing tetrahedra, have not been definitively discriminated.

Important quantitative structural information on short- and intermediate-range order in
glasses can be obtained from the atom distribution functions derived using x-rays and neutron
diffraction (ND). High-energy x-rays and a pulsed neutron source in particular provide detailed
and reliable structural information with high resolution in real space due to a wide range
of scattering vector Q. Furthermore, in order to obtain more realistic and useful structural
information from the diffraction data, particularly for IRO, modelling techniques are necessary.
Reverse Monte Carlo (RMC) modelling [16, 17] allows a quantitative fit of the experimental
data without the use of potential functions. In comparison with MD and/or standard Monte
Carlo simulation techniques, RMC is particularly useful for the study of multicomponent
glasses for which the determination of interatomic potential functions for chemical bonding is
difficult.
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In this study, IRO structures of v-SiO2 and v-GeO2 have been investigated by RMC
modelling using a combination of high-energy x-rays and published neutron diffraction
data [6, 18]. In particular, we focused on the ring structure in terms of the determination
of the bond angle distribution and the ring size distribution.

2. Experimental details

The high-energy x-ray diffraction (HEXRD) experiments were carried out at the bending
magnet beamline, BL04B2 [19] of SPring-8 with a two-axis diffractometer for disordered
materials [20]. Incident photon energies of 61.7 keV for v-SiO2 and 113.8 keV for v-GeO2

were obtained from a bent Si(220) crystal and a bent Si(111) crystal with a third harmonic,
respectively. The x-ray diffraction patterns of 2 mm thick flat plates of v-SiO2 and v-GeO2

were measured in a symmetrical transmission geometry. The details of the experiments have
been described elsewhere [20, 21].

3. Reverse Monte Carlo modelling

The RMC method has been shown to be a useful tool for constructing a three-dimensional
structural model of disordered materials using mainly experimental diffraction data. In the
RMC simulation technique, the atoms in an initial configuration are moved so as to minimize
the deviation from experimental structural data, e.g., in this study, a combination of the high-
energy x-ray and neutron diffraction data, using a standard Metropolis Monte Carlo algorithm.

The starting configurations were generated using hard-sphere Monte Carlo (HSMC)
simulations with constraints applied to avoid physically unrealistic structures. The constraints
were of two kinds: closest atom–atom approach and connectivity. The choices of the
closest atom–atom approach were determined to avoid unreasonable spikes in the partial pair
correlation functions. The constraints on the Si–O and Ge–O network connectivity were that
all oxygen atoms were coordinated to two silicon and germanium atoms and that all silicon
and germanium atoms were coordinated to four oxygen atoms. RMC simulations were then
simultaneously performed for a system containing 3000 atoms, using the x-ray- and neutron-
weighted interference function, Q[S(Q) − 1]. The box lengths were chosen to correspond to
the number densities of 0.0662 Å−3 for v-SiO2 and 0.0627 Å−3 for v-GeO2.

4. Results

4.1. Structure factor S(Q)

The x-ray- and neutron-weighted interference functions, Q[SX(Q) − 1] and Q[SN(Q) − 1],
of v-SiO2 [22] and v-GeO2 are shown in figures 1 and 2, respectively. The experimental
interference functions of these glasses exhibit significant oscillations up to the maximum
measured Q value of 35 Å−1, while there is a large difference between the x-ray and neutron
interference functions in the Q range from 1 to 11 Å−1 due to the differences in weighting
factors, as follows:

v-SiO2: SX(Q) = 0.218SSiSi(Q) + 0.498SSiO(Q) + 0.284SOO(Q), (1)

SN(Q) = 0.069SSiSi(Q) + 0.388SSiO(Q) + 0.543SOO(Q), (2)

v-GeO2:SX(Q) = 0.444SGeGe(Q) + 0.444SGeO(Q) + 0.112SOO(Q), (3)

SN(Q) = 0.171SGeGe(Q) + 0.485SGeO(Q) + 0.344SOO(Q), (4)

where it is assumed that atomic form factor f (Q) may be approximated by the atomic number.
These equations demonstrate that x-ray diffraction data are necessary to study the intermediate-
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Figure 1. X-ray-weighted interference functions, Q[SX(Q) − 1], of (a) v-SiO2 [22] and (b) v-
GeO2. Dotted curves, experimental data; solid curves, RMC model. v-SiO2 data are displaced
upward by five units for ease of viewing.
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Figure 2. Neutron-weighted interference functions, Q[SN(Q) − 1], of (a) v-SiO2 [22] and (b)
v-GeO2. Dotted curves, experimental data; solid curves, RMC model. v-SiO2 data are displaced
upward by five units for ease of viewing.

range order of oxide glasses,because the weighting factors of the Si–Si and Ge–Ge correlations,
which are strongly related to the IRO of these glasses, are larger for x-rays than for neutrons.
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Figure 3. Total and partial structure factors, SX,N(Q) and Si j (Q), of (a) v-SiO2 [22] and (b)
v-GeO2 derived from the RMC model. Dotted curves, experimental data; solid curves, RMC
model. Successive curves are displaced upward for ease of viewing. The dashed curves are guides
for the eye.

The experimental interference functions were well reproduced by RMC in a wide range of
scattering vector Q.

Figure 3 shows the total and partial structure factors, SX,N(Q) and Si j(Q), of v-SiO2 [22]
and v-GeO2, respectively. The first sharp diffraction peak (FSDP) observed at Q ∼ 1.55 Å−1

implies the presence of IRO due to the cages formed by the topological connection of the
tetrahedral units in the network [23], because the FSDP shows up as a positive feature in all
three partial structure factors of both glasses at Q ∼ 1.55 Å−1 in figure 3. In the case of
v-SiO2, all partial structure factors show good agreement with the results of MD simulation
using interaction potentials that include two- and three-body contributions [10]. However,
SOO(Q) of v-GeO2, derived from a combination of neutron diffraction and anomalous x-ray
scattering, shows a negative feature at the FSDP position [5, 24], whereas a positive feature is
found at the FSDP position in all three partial structure factors obtained by RMC modelling
using neutron diffraction and anomalous x-ray scattering data [14].

4.2. Pair distribution function g(r)

The experimental x-ray- and neutron-weighted pair-distribution functions, gX,N(r), of v-
SiO2 [22] and v-GeO2 are shown in figure 4.

The differences between the x-ray and neutron weighting factors provide a more
exact separation of complex atom–atom correlations in real space. Furthermore, the
neutron-weighted pair-distribution functions, gN(r), of the RMC model agree well with the
experimental data, hence the RMC model should be able to provide relatively reliable structural
information.

Yuan and Cormack [11] recently reported the total correlation functions of v-SiO2 using
MD simulation. They used the two-body potential from van Beest et al (BKS) [27] and the
three-body potentials from Vessal et al (VSL) [28], modified by Smith et al [29]. The VSL
model yields two distinct peaks, 3.7 and 4.2 Å, in the Si–O second correlation, whereas the
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Figure 4. The x-ray- and neutron-weighted pair-distribution functions, gX,N(r), of (a) v-SiO2 [22]
and (b) v-GeO2. Solid curves, experimental data; dotted curves, RMC model. The x-ray data are
displaced upward by five units for ease of viewing. Qmax = 33 Å−1. Lorch [25] and modified
Welch [26] modification functions were used for x-ray and neutron data, respectively.

BKS model yields a peak at 4.2 Å and a shoulder at 3.7 Å. Our x-ray- and neutron-weighted
pair distribution functions show shoulder peaks at 3.7 Å. However, as shown in [22], partial
pair distribution functions of Si–O, gSi−O(r), derived using the RMC model, do not have such
a distinct peak. Yuan and Cormack pointed out that the shoulder at 3.7 Å is associated mainly
with the width of the Si–O–Si bond angle distribution, so further discussion will be described
in the following section.

4.3. Intermediate-range order in RMC model

The bond angle distributions of v-SiO2 [22] and v-GeO2 are shown in figure 5 with those of
v-B2O3 [30]. The O–Ge–O and O–Si–O bond angle distributions show a maximum close to
the value of 109.4◦ expected for a regular tetrahedron. The O–B–O and B–O–B bond angle
distributions show a maximum of around 120◦, suggesting the existence of the boroxol ring
(threefold ring of B). This interpretation is also supported by the sharp peak at 60◦ of the B–B–
B and O–O–O bond angle distributions. The Si–Si–Si bond angle distribution shows peaks at
around 60◦ (threefold ring of Si) and 80◦–150◦ (four- to eightfold ring of Si), respectively. In
addition, the Si–O–Si bond angle distribution has a maximum of around 150◦. These features
suggest that the threefold ring is a minor group of ring structures. This is consistent with the
results of Raman scattering and first-principles MD studies [31–33]. On the other hand, the
threefold ring fraction in the Ge–Ge–Ge bond angle distribution is larger than that in v-SiO2.
The Ge–O–Ge bond angle distribution shows a maximum of around 130◦ (close to 120◦),
which suggests a relatively large fraction of threefold rings. This interpretation is supported
by the existence of a peak at around 25◦ in the Ge–Ge–O bond angle distribution, which is
a smaller angle than that of around 15◦ for the peak in the Si–Si–O bond angle distribution
and very similar to the B–B–O distribution for v-B2O3 (threefold ring of B). The bond angle
distribution in our RMC model for v-SiO2 is generally in agreement with the results of another
RMC study [12], except for details of the Si–Si–Si and Si–O–Si bond angle distributions. As
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Figure 5. The bond angle distributions of v-GeO2, v-SiO2 [22], and v-B2O3 [30]. Successive
curves are displaced upward by two units for ease of viewing.

can be seen in figure 5, our results show well defined peaks at 60◦, 80◦, and 105◦. In the
Si–Si–Si bond angle distribution, and 150◦ in the Si–O–Si bond angle distribution, whereas
the model obtained by another RMC study does not have enough statistics concerning the
Si–Si–Si and Si–O–Si bond angle distributions. No well defined peak is observed in the Si–
O–Si bond angle distribution. These detailed features of Si–Si–Si and Si–O–Si bond angle
distributions are consistent with the data obtained by MD simulation [10]. In the other RMC
model, x-ray and neutron diffraction data up to Qmax = 20 and 43 Å−1, respectively, were
used, while we used the x-ray-weighted structure factor up to Qmax = 35 Å−1 and obtained
better agreement with experimental data than in the RMC study. In addition, the partial pair-
distribution functions, gSiSi(r) and gOO(r), reported in [12] have unreasonable spike peaks,
whereas, as can be seen in figure 3 and [22], our results do not have such an unreasonable spike
peak. As discussed in [22], the weighting factor of the Si–Si correlation is larger for x-rays
than for neutrons, so that our model well reproduces the x-ray-weighted total structure factor
SX(Q) up to high Q because it contains more reliable structural information for the Si–Si
correlation. Hence our Si–Si–Si bond angle distribution, which is strongly related to IRO of
the glass, should be more reliable than the results in [12].

The most probable bond angle (MPBA) and fwhm for the Si–O–Si bond angle distribution
derived using the RMC model is shown, together with previous data, in table 1. Our RMC
model provides the values of MPBA = 146◦ and fwhm = 17◦, which are consistent with
the analytical results determined from a combination of high-energy x-ray diffraction and
neutron diffraction data [3], but are slightly larger those of many crystalline silicates [36].
Yuan and Cormack suggested, on the basis of a comparison of BKS and VLS models with
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Figure 6. The ring size distributions of (a) v-GeO2, (b) v-SiO2 [22], and (c) v-B2O3.

Table 1. Comparison of Si–O–Si bond angle distributions obtained using different methods.
(Note: the VKRE is MD simulation with the three-body potential from Vashishta et al [37].)

RMC/HEXRD/ND BKS VSL VKRE RMC/ND XRD HEXRD HEXRD/ND NMR
This work [11] [11] [37] [34] [35] [2] [3] [8]

MPBA (deg) 146 152 147 142 146 144 147 147 142
fwhm (deg) 17 36 9.7 25 21 38 35 17 26

partial correlation functions, that a broad Si–O–Si bond angle distribution leaves a smooth
shoulder (Si–second O correlation) at 3.7 Å and a narrower Si–O–Si bond angle distribution
exhibits a pronounced shoulder. However, our RMC model produced the smoother shoulder
at 3.7 Å for the pair distribution function and narrow Si–O–Si bond angle distribution. This
may be due to the contributions of high-energy x-ray diffraction data up to high Q, which has
a large weighting factor for Si–Si correlation.

The bond angle distributions for v-GeO2, obtained using another RMC model, have
been reported [14]. This other RMC model was obtained using Ge-edge anomalous x-ray
scattering and neutron diffraction data up to Qmax = 15 Å−1; hence, the peaks of the bond
angle distributions for Ge–O–Ge and O–Ge–O are broader than those in our results. We also
applied two sets of experimental data, neutron and high-energy x-ray diffraction data up to
Qmax = 35 Å−1. The IRO of v-SiO2 and v-GeO2 is a result of the connections of SiO4 and
GeO4 tetrahedra, respectively, so that the RMC model, which can reproduce the experimental
structure factor up to high Q, particularly for x-rays, provides more detailed and more reliable
structural information.

The ring size distributions calculated using the configurations of v-SiO2 [22], v-GeO2,
and v-B2O3 [30] are shown in figure 6. The size distribution of v-B2O3 has a maximum at
n = 3, indicating that the boroxol ring (threefold ring of B) structure is dominant. The v-SiO2
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Figure 7. A 10 Å thick slice of part of the largest RMC-produced configurations of (a) v-SiO2 and
(b) v-GeO2.

ring size distribution has a maximum at n = 6, which is in agreement with the results obtained
by MD simulation [37], though the fraction of n = 6 is slightly larger than that of other ring
sizes in the MD results. The ring size distribution of v-GeO2 has large fractions at n = 6
and 7, which indicates that six- and sevenfold rings of Ge are dominant, but the fraction of
threefold rings in v-GeO2 is larger than that in v-SiO2. These features are consistent with the
conclusions based on the neutron diffraction [4] and Raman scattering [9] data.

Such differences in the ring statistics or the bond angle distributions between v-SiO2

and v-GeO2 are partially established in the initial models generated by HSMC simulations.
However, the initial models cannot reproduce the experimental diffraction data at all, and the
details of ring statistics of the initial models are different from those in figure 6. In order to
confirm the differences of ring statistics between v-SiO2 and v-GeO2, RMC simulations were
performed for each, using the atomic configuration of the other as the initial configuration. We
obtained a reasonable structural model that can reproduce both the x-ray and neutron diffraction
data for v-GeO2, where the fraction of threefold rings became larger than that in the initial
configuration taken from the RMC model for v-SiO2. On the other hand, we could not obtain
a reasonable structural model that reproduces both the x-ray and neutron diffraction data for
v-SiO2. These results suggest that a model with a large fraction of threefold rings is unfit for
the diffraction data of v-SiO2, whereas for v-GeO2, which has a relatively large fraction of
threefold rings, it is consistent with the diffraction data. In other words, these observations
suggest that the intermediate-range structures, such as the ring statistics of v-SiO2 and v-GeO2,
essentially differ, and that the determination of an exact ring size distribution in this manner
is unexpectedly sensitive to experimental diffraction data.

Figure 7 represents 20 Å thick sections of the RMC configuration for v-SiO2 and v-GeO2.
It is obvious that SiO4 and GeO4 tetrahedra are well reproduced. Furthermore, all tetrahedra
were connected at the corner site of O. This chemically reasonable and almost defect-free
(no-dangling-bond) model indicates that the differences in the ring size distributions between
v-SiO2 and v-GeO2 are essential structural differences between typical tetrahedral-network
glasses.
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5. Conclusions

Reverse Monte Carlo modelling with a combination of high-energy x-ray and neutron
diffraction data up to Qmax = 35 Å−1 was carried out to obtain reliable structural models
of v-SiO2 and v-GeO2. The RMC model reproduces well two structure factors that have
different weighting factors for each correlation, and could provide relatively detailed and
reliable structural information. High-energy x-ray data are necessary to study the IRO of v-
SiO2 and v-GeO2, because of the large weighting factors of Si–Si and Ge–Ge correlations for
x-rays, which have a strong influence on the Si–Si–Si, Ge–Ge–Ge, Si–O–Si, and Ge–O–Ge
bond angle distributions. The RMC study indicates that the sixfold ring of Si is dominant
in v-SiO2, while the fraction of threefold rings of Ge is higher in v-GeO2 than in v-SiO2.
The structural models of v-SiO2 and v-GeO2 obtained by RMC modelling should be standard
models for studying the mixed alkali glass and pressure-reserved glass from room temperature
to high temperature.
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